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Abstract

In this paper, the initial value problem is discussed for a system of
fractional differential equations and new criteria on existence and uniqueness
of solutions are obtained.
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1. Introduction

In the recent years, many works have been devoted to the study of
initial value problems for fractional differential equations. See, for example
papers [1] — [10] and the references therein. In fact, the differential equations
involving differential operators of fractional order 0 < o < 1, appear to be
important in modelling several physical phenomena [11] — [19].

In this paper, we study the initial value problem (IVP) for a system of
fractional differential equations

{zwawszx@> 0

w(to) = X0 ’

! Research supported by National Natural Science Foundation of P.R. China and
Research Fund of Hunan Provincial Education Department (08A071).



196 Yong Zhou

where the fractional derivative is in the sense of Caputo’s definition, the
function f(t,z) : R x R™ — R" is called vector field, and the dimension
n > 1. Particularly, R"™ endowed a proper norm || - || becomes a complete
metric space.

Caputo’s derivative of order a € (0,1) and with the lower limit tg is
defined by

D%zx(t) = M /to (t — 5)"%2'(s)ds.

Let
J =[to—a,to+a], B={z € R"| ||lx — zo|| < b},

E={(t,x) e RxR"| te Jx € B}.

A function x € C1(J, R™) is said to be a solution of (1) if z satisfies the
equation D%z(t) = f(t,z(t)) a.e. J, and the condition z(tg) = xo.

In 2008, Lakshmikantham and Vatsala [3] give the following existence
result for IVP (1).

THEOREM A. ([3]) Assume that f € C([to,to + a] x B1,R) and let
|f(t,x)] < M on [tg,to + a] x By, where By = {x € R| |x — z¢| < b}.
Then the IVP (1) possesses at least one solution x(t) on [tg,to + h], where
h =min{a, [ZT(a+ 1)/}, 0 < a < 1.

In 2007, Lin [4] obtained the following local existence results for IVP (1).

THEOREM B. ([4]) Assume that the function f : E — R"™ satisfies the
following conditions:

(H1) f(t,z) is Lebesgue measurable with respect to t on J;

(Hz) f(t,x) is continuous with respect to x on B;

(H3) there exists a real-valued function m(t) € L?(J) such that

|| f(t,2)|| < mf(t), for almost every t € J and all x € B.
Then, for % < a < 1, there at least exists a solution of the IVP (1) on the
interval [tg — h,ty + h] for some positive number h.

THEOREM C. ([4]) All the assumptions of Theorem B hold. Assume
that (Hy) there exists a real-valued function pu(t) € L*(.J) such that

||f(t,x)—f(t,y)|| < w(t)||lx—yl|l|, for almost every t € J and all z,y € B.
Then, for % < «a < 1, there exists a unique solution of the IVP (1) on
[to — h,to + h] with some positive number h.
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In Remark 2.3 of [4], it is mentioned that Theorems B and C could be
generalized to the case where a € (0, 5) provided that m(t) is bounded on
[to —a,to + CL].

In this paper, by using some different methods and new techniques, we
obtain various criteria on existence and uniqueness of solutions for IVP (1).
Our results improve/extend Theorems A, B and C. In particular, we remove
the restrictive conditions that || f(¢,2)|| < M in Theorem A and that o > 3
in Theorems B and C, and relax the hypothesis (Hs) and (Hy).

3. Main Results

THEOREM 1. Assume that the function f : E — R" satisfies the follow-
ing conditions of Carathéodory type:

(i) f(t,x) is Lebesgue measurable with respect tot on J;

(ii) f(t, ) is continuous with respect to x on B;

(iii) there exist a constant € (0,«) and a real-valued function m(t) €

L%(J) such that ||f(t,z)|| < m(t), for almost every t € J and all x € B.
Then, for o« € (0,1), there at least exists a solution of the IVP (1)

on the interval [to — h,to + h|, where h = min{a, [bF]\(/[a) (O‘—_ﬁ)lfﬁ]ffﬁ} and

1-p
M = (J}°F(m(s)) 5 ds)”.

Proof. ThelIVP (1) for the case where t € [to, to+h] are only discussed.
Similar approach could be used to verify the case where t € [tg — h,tg].
We know that f(¢,z(t)) is Lebesgue measurable in [to, %o + h| according
to the conditions (i) and (ii). Direct calculation gives that (t — s)* 1 €
Lﬁ[to,t], for t € [to,to + h]. In light of the Holder inequality, we obtain
that (t —s)*1f(s,z(s)) is Lebesgue integrable with respect to s € [to, t] for
all t € [to,to + h], and

/t (6= 1 (s o) = /t:<<t—s>a-1>fﬁds)1_ﬁ( /t:(m(s)m)g

For x € C([to,to + h], R"), define norm of ||z[[. = supsey, 1o+n [|2(3)]]-
Then C([to,to + h], R™) with || - ||« is a Banach space. Let Q@ = {z €
C([to,to + h],R™) : ||z — zo||« < b}. Then, Q is a closed, bounded and
convex subset of C([to, to + h], R™).

We now define a mapping on €2 as follows. For an element x € Q, let
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(Tx)(t) = x0 + F(loz) /t:(t —8)* 1 f(s,x(s))ds, t€ [to,to+ h).

a) We shall show that for any = € 0, Tz € Q.
In fact, by using the Holder inequality and the condition (iii), we get

(Ta)(8) - z0l| < F(la) / (£ 99 m(s)ds

to

s feorrna) " fomora)

(=) Tty ( /t:ﬁh(m(s))éds)ﬁ

1 (1-8\"" . 5
ﬁw(a—ﬂ) oM

< b, for te€[to,to+ h).

IA

IA

This means that ||Tx — xo||« < b. Hence, T is a mapping from (2 into itself.

b) We now show that T is completely continuous.
First, we will show that T is continuous. For any x,,,z € Q,m =1,2, ...
with limy, —eo ||Zm — ||« = 0, we get

lim z,,(t) = x(t), for t € [to,to+ h].

Thus, by the condition (ii), we have
lim f(t,zm(t)) = f(t,z(t)), for t € [to,to+ hl.
So, we can conclude that

sup || f(s,zm(s)) — f(s,2(s))[| = 0, as m — oo,
Se[to,t0+h]

On the other hand,

(Tzm)(t) = T(x)(®)]] =

‘ / (t = )27 [F (5, 2m(5)) — £(5,(5)))ds

b
I'(«)

ha
Nt D et ) S0l
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which implies

(67

[Ty, — Tl <

o+ 1) ey )

Hence,

| Txp —Tx|lx — 0 as m — oo.

This means that 7" is continuous.

Next, we show T2 is relatively compact. It suffices to show that the
family of functions {Tz : x € Q} is uniformly bounded and equicontinuous
on [tg,to + h].

For z € Q, we get

[T]lx < [zoll +0,

which means that {Tx : x € Q} is uniformly bounded.
On the other hand, for any t1,t2 € [to,to + h|,t1 < ta, by using the
Holder inequality, we have

[(Tz)(t2) = (Tx) (1)

1

~ I(a)

/ (b2 = )27 = (11— ) ) (s, 2(s))ds

to

n / (b — 5)° 1 f (s, 2(5))ds

t1

1 (h o a—
<o / 1((t2 — )70 = (1 — 5)*) f (s, 2(s))ds

1 ” —5) (s x(s s
+F(a)/ (82— )2 (s, 2(s))||d

t1

1 t1 o o
< 5w / (t1 — 9" = (t2 — )" V)m(s)ds
L ’ — ) Im(s)ds
iy L o= e
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+F(loo(/:(“? - 3’“‘”””8) M( / <m<s>>éds)ﬁ

+<L>< /:ag - >d)ﬁ< /t:°+h<m<s>>éds)ﬁ

M 1 - 17ﬁ Q=2 a—_

o1 1-5 _ 1-8 et 1-3
o) (1) )

2M (1N e
<palazg) -0

As t; — to the right-hand side of the above inequality tends to zero. There-
fore {Tx : x € Q} is equicontinuous on [ty, to+ h], and hence T2 is relatively
compact. By Schauder’s fixed point theorem, there is a 2* € €2 such that
Tz* = z*, that is

o
|
®

z*(t) = zo + /t(t —8)* L f(s,2*(s))ds, t € [to,to + hl.

L(a) Jig

It is easy to see that z* is a solution of IVP (1) on [to, to+h]. This completes
the proof. ]

COROLLARY 1. Let f € C(J x B,R"™). Then, for o € (0,1), there at
least exists a solution of the IVP (1) on the interval [ty — I/, to + h'], where

W = minfa, [T (o + D]+ } and M’ = sup( ey f(t ).

The proof of Corollary 1 is similar to that of Theorem 1, it is therefore
omitted.

REMARK 1. Theorem 1 improves essentially Theorem B by removing
the restrictive condition that oo > %, and relaxing the condition (Hs). Corol-
lary 1 extends Theorem A.

THEOREM 2. All the assumptions of Theorem 1 hold. Assume that



EXISTENCE AND UNIQUENESS OF SOLUTIONS ... 201

(iv) there exist constant v € (0,«) and a real-valued function u(t) €

L%[to,to + a] such that ||f(t,z) — f(t,y)|| < w(t)||lx — y||, for almost every
teJandallz,y € B.

Then there exists a unique solution of IVP (1) on [ty — hi,to + h1], where
1
| P(a) =7, /to+a N
h — = d My = ds | .

Proof Let Q= {z € C([to,to + h1], R™) : ||z — x0||+ < b}. For an
element = € €, let

(Tz)(t) = w0 +

1 t o
oy L 0= nleds, e ltoto+ )

Similarly, we can prove that T7Q C Q and (Tz)(t) is continuous on [tg, tg +
hi]. Now we shall show that operator T is a contraction operator on €.
In fact, for x,y € ), we have

\Te)® - )
< (Lo <s>ds) L el) — ()]

< (0= 9 s ) o .

< ([ )d)( /t:(u<s>>ids)v||x—yn*
< (2 Z) e ([ wentas) el
< o () el for v ltoto i

This implies that
Tz = Tyll« < cflz = yll«

where ¢ =

M1 1-—- Y 1=
— h{™" € (0,1), which proves that T is a con-
I'(a) \a—~

traction mapping. In view of the contraction mapping principle, T" has the
unique fixed point z, which is obviously a solution of IVP (1) on [to, to + h1].
The proof is complete. ]
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REMARK 2. Theorem 2 improves essentially Theorem C by removing
the restrictive condition that o > %, and relaxing the condition (Hy).

COROLLARY 2. Let f € C(J x B,R"™). Assume that there exists a
constant L > 0 such that ||f(t,z) — f(t,y)|| < L||lx — y||, for almost every
t € J and all z,y € B. Then, for « € (0, 1), there exists a unique solution of
IVP (1) on the interval [to—h, to+h}], where h; < min{a, h/, [%F(a—l—l)]é}.

The proof of Corollary 2 is similar to that of Theorem 2, it is therefore
omitted.

THEOREM 3. Assume that the condition (iv) of Theorem 2 holds. If
the solutions of IVP (1) exist on [tg — h,to + h], then the solution of IVP

(1) is unique, where h < min{a, [Fj\(/g) (%)1—’7]ﬁ}

P r o o f. Assume that y(¢) and z(t) are the solutions of IVP (1) on
[to, to + h] Then

y(t) = xo + L /t(t —8)* Vf(s,y(s))ds, tE€ [to,to+ h]

['(a) to
and
x(t) =z + @ /t:(t —5)* L f(s,z(s))ds, t € [to,to+ hl.
Hence

, L€ [to,t0+h].

t
‘/t (t—s)* L[ f(s,y(s))—f(s,2(s))]ds

HMW%@Hzﬂ;
By (iv), we have

ly() =zl < ¢ max [ly(s) —a(s)l|, € [to,to+ hl,
SG[to,to—i—(ﬂ

where ¢ = FJ\(/E) (i;;’y)lfvha*V € (0,1). Therefore

ma. t)—z(t)|| <c ma s)—xz(s)||, te€to,to+h
max () —a (Ol < e _max ly(s) ~ ()|, 1€ lfo,fo+ h]

which implies
z(t) = y(t), telto,to+h]

The proof is complete. ]
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